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Matrices and Matrix Algebra

Name: Date:

Concepts

e Matrix Notation and Special Matrices e Properties and Failures of Matrix Algebra (theory)
e Addition and Scalar Multiplication e The Transpose and Symmetric Matrices (theory)

e Matrix Multiplication e Diagonal and Triangular Matrices (theory)

Matrix Notation and Special Matrices

1. Let
3 -1 0
M=12 4 -6 1
o 7 2 =3

a) State the size of M, and give the entries mas and mgs.
b) Write out in full the 3 x 3 matrix B whose entries are given by b;; = 2i — j.

c) Write down the 2 x 4 zero matrix and the identity matrix I, and give the entries (I4)33 and (I4)23.
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Addition and Scalar Multiplication

2. Let
1 0
2 -1 3 -3 5 1
I S P B [

a) Compute 34 — 2B.
b) Find the matrix X satisfying A + 2X = B.

c) Explain in one sentence why A + C' is not defined.
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Matrix Multiplication

3. Let
1 5
A:B _41 ﬂ B=|-2 0
4 3

a) State the sizes of AB and of BA.
b) Compute AB.

c) Compute the single entry (BA)s3; without computing the rest of BA.
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Properties and Failures of Matrix Algebra

4. Matrix algebra keeps most of the rules of ordinary algebra and loses a few. This question is about
the ones it loses. Throughout, 0 denotes the 2 x 2 zero matrix.

1 2

a) With A = 01

] and B = l; (1)] , compute AB and BA, and say which rule of ordinary algebra
this refutes.

2 —6

b) With C = 1 3

] and D = [:13 g], compute C'D. Which property of the real numbers has
just failed?

c) Let E = 1 i and F' = ;1 ?7) . Show that CE = C'F even though F # F and C' # 0, and name

the step of ordinary algebra that is therefore invalid for matrices.

d) Prove or disprove: for all 2 x 2 matrices A and B, (A + B)? = A% + 2AB + B2. If it is false, give
the correct expansion and say exactly which step of the usual argument breaks.
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The Transpose and Symmetric Matrices

5. Let
0 5 -3
A:Ll) ;l _52] K=|-5 0 2
3 =2 0

a) Write AT and state its size.
b) Compute AAT and confirm that it is symmetric.

c) Show that K is antisymmetric, and explain why every antisymmetric matrix must carry zeros all
along its main diagonal.

d) Show that the zero matrix is the only square matrix that is both symmetric and antisymmetric.
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Diagonal and Triangular Matrices

6. Let
3 0 0 2 -1 4 1 00
D=0 -2 0f, U=10 5 31, L=]6 2 0
0o 0 1 0 0 -1 -3 4 5

a) Classify each of D, U, L as diagonal, upper triangular or lower triangular. One of them deserves
more than one label; say which, and why.

b) Compute DU and UD. Describe in words what multiplying by a diagonal matrix on the left does,
and what it does on the right.

c) Compute U?, then explain why the product of any two upper triangular 3 x 3 matrices must again
be upper triangular.
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Synthesis — drawing on several topics in this set

7. Every square matrix splits into a symmetric part and an antisymmetric part. For a square matrix
A, define
1 T 1 T
S=5(A+4T), K=%(a-4aT)

a) For A = [;l _221 , compute S and K.

b) Verify for this A that S is symmetric, that K is antisymmetric, and that S + K = A.

c) Prove that S is symmetric and K is antisymmetric for every square matrix A. You may use
T
(X +Y)T = X7+ YT, (eX)T = eXT and (XT)" =X.

Want the harder problems and the worked solutions?

The Challenge Problems set and the Answer Keys for Matrices and Matrix Algebra — with the
reasoning written out in full — are available at tutorinmontreal.ca.
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