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Finding the Rule of a Cosine Function

1. A cosine function reaches a maximum value of 11 at x = 2, and the very next minimum value it
reaches is —3, at © = 8. Find its rule in the form f(z) = acos (b(z — h)) + k with @ > 0 and b > 0,
using radians.
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Finding the Rule of a Sine Function

2. A buoy bobs on the swell. Its height above mean sea level is 0 m at ¢t = 0 s and rising, and it first
reaches its greatest height, 1.8 m, at t = 3 s. The motion is sinusoidal.

a) Find the rule h(t) = asin (b(t — ho)) + k of this function.

b) Find the buoy’s height at t = 10 s, to the nearest hundredth of a metre.

Finding the Rule of a Tangent Function

3. A tangent function has consecutive asymptotes at x = 7 and z = %f. Its centre point is (3,3)
and it passes through (%’r, 7). Find its rule in the form f(z) = atan (b(z — h)) + k with b > 0, then

compute f (%T)
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Graphing a Cosine Function

4. Consider f(z) =3cos(§(z—1))+2.
a) State the amplitude, the period, the equation of the midline, and the maximum and minimum
values.

b) Sketch the graph on the grid below for —6 < x < 6, marking the maximum, minimum and midline
points you used.

Graphing a Sine Function
5. Consider f(z) = —4sin(§(z —1)) + 1.

a) State the amplitude, the period, the midline, and the maximum and minimum values.
b) Sketch the graph on the grid for —6 < x < 6.

c) Give the smallest value of x greater than or equal to 1 at which f reaches its maximum.

Y
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Graphing a Tangent Function

6. Consider f(z) =2tan(%(x —1)) + 3.
a) Give the period of f.

b) Give the equations of the two asymptotes on either side of x = 1.

c) Compute f(0), f(1) and f(2).
d) Sketch the branch of the graph lying between those two asymptotes.

Y

Solving Problems Involving Tangent Functions

7. A lighthouse stands 200 m from a long straight seawall; let O be the point of the wall closest to it.
The lamp rotates at a constant rate, one full turn every 12 seconds, and at ¢ = 0 s its beam points
straight at O. Let p(t) be the distance, in metres, from O to the lit spot, measured positively in the
direction the beam sweeps.

a) Show that p(t) = 200 tan(5t).
b) Find p(1), to the nearest hundredth of a metre.
c) Find the first time the spot is 200v/3 m from O.

d) What happens at t = 3 s?
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Solving Problems Involving the Cosine Function

8. At a wharf, the depth of water in metres is modelled by d(t) = 1.8cos(§(t — 4)) 4 5.2, where t is
the number of hours after midnight.

a) What is the depth at 07:007

b) At what times between midnight and noon is the depth exactly 6.1 m?

Solving Problems Involving the Sine Function

9. The height, in metres, of the tip of a wind-turbine blade above the ground is H(t) = 32sin (¥ (t — 2.5))+
45, where t is in seconds.

a) How long does one full rotation take, and how high is the tip at its highest?

b) Find the first time ¢ > 0 at which the tip is 61 m above the ground.
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The Cosine Function

10. Let f(z) = acos (b(z — h)) + k with a # 0 and b # 0. For each claim below, state whether it is
always, sometimes or never true, and justify your choice in one or two lines (with a counterexample

when the answer is “sometimes” or “never”).

a) The range of f is [k — a, k + a].
b) f(h) is the maximum value of f.
c) f has exactly three zeros.

d) The zeros of f are spaced half a period apart.

The Inverse of the Cosine Function (Arccos)

11.

a) Evaluate, in radians: arccos(—ﬁ), arccos(0) and arccos(1).

2

b) State the domain and the range of the function arccos.

c) Explain why arccos (cos %”) %’r, and give its exact value.
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The Inverse of the Sine Function (Arcsin)

12.
a) Evaluate, in radians: arcsin(%), arcsin(—?) and arcsin(—1).

b) State the domain and the range of arcsin, using Québec interval notation.

c) Using the value of arcsin(—%), find every x € [0, 27| such that sinz = —%.

The Inverse of the Tangent Function (arctan)

13.
a) Evaluate, in radians: arctan(1), arctan(—\/g) and arctan(0).

b) State the domain and the range of arctan, using Québec interval notation, and say why the range
brackets are open.

c) A loading ramp rises 1.2 m over a horizontal run of 8 m. Find the angle it makes with the
horizontal, in radians to the nearest hundredth.
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The Law of Cosines
14. A surveyor walks two sides of a triangular lot: 48 m, then 65 m, with an angle of 112° between
them.

a) Find the length of the third side, to the nearest tenth of a metre.

b) Find the smallest angle of the lot, to the nearest tenth of a degree.

The Law of Sines

15. Two fire-lookout towers A and B stand on a straight ridge, 3.2 km apart. Both spot the same
smoke plume S on the far side of the valley. From tower A, the sight line to S makes an angle of 47°
with the ridge AB; from tower B, the sight line makes an angle of 68° with the ridge BA. How far is
the plume from tower A? Round to the nearest hundredth of a kilometre.
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The Properties of the Cosine Function (Sine)

16. Let f(z) =3cos(2(x — §)) — 1.
a) State the amplitude, the period and the range of f.

b) Give the coordinates of all maxima and of all minima of f.
c) Compute f(0).

d) How many maxima does f have on the interval [0, 47]?

The Properties of the Sine Function (Cosine)

17. Let g(z) = —4sin(5(z + 1)) + 2.
a) Rewrite the rule in the form asin(b(z — h)) + k and state a, b, h, k.

b) Give the period and the range of g.
c) Give the coordinates of one maximum and one minimum.

d) On which intervals is ¢ increasing?
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The Properties of the Tangent Function

18. Let f(z) = 2tan(i(z — F)).

a) Give the period of f and the equations of all its asymptotes.

b) Give the domain and the range of f.
c) Find all the zeroes of f.

d) Evaluate f(5 + 5) exactly.

The Role of Parameters in a Cosine Function

19. Consider f(z) = 4cos(2(x — §)) — 1. Each change below alters exactly one parameter. For each,
state the geometric effect on the graph and say whether the period and the range change.

a) a is replaced by —4.
b) b is replaced by 4.
c) k is replaced by 5.

d) h is replaced by 7 + 7.
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The Role of Parameters in a Tangent Function

20. Four tangent functions are given:
f1(z) = 3tan(2x), fo(z) = —5tan(2x), f3(z) = 3tan(2(z — §)), fa(z) = 3tan(3z) + 3.
a) Sort the four functions into groups having the same period, and give each period.
b) Exactly two of them have the same set of asymptotes. Which two, and what are those asymptotes?

c) Explain why the parameters a and k can never move the asymptotes of a tangent function.

The Role of the Parameters in a Sine Function

21. While revising, Simon writes: “In f(z) = asin(b(z — h)) + k, making |b| larger makes the graph
both taller and faster.” Only half of his sentence is right. State precisely what b does and does not
control, back your answer up with a specific pair of rules and their ranges and periods, and say what
a negative value of b does to the graph.
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The Sine Function
22. Answer using the unit circle, without a calculator.

a) State the domain, the range and the period of the basic function f(x) = sinz.
b) Explain why sin(m — ) = sin 0 for every real number 6.

c) Use b) to give the exact value of sin 2.

d) Give all z € [0, 27| for which sinz = —

ol

The Tangent Function

23. Answer the following about the basic function f(z) = tanz.

sin x

a) Using tanx = , explain why f is undefined exactly at x = § + 7n, n € Z.
cos T

b) State the domain, the range and the period of f.

c) Explain why it makes no sense to speak of the amplitude of f.

d) Give the exact value of tan 2T
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The Unit Circle
24. Work from the unit circle; give exact values.
a) Give the coordinates of the point associated with a rotation of HT”.

b) Evaluate cos ZF, sin 5% and tan 3T

c¢) Which rotation in [0, 27| lands on the point ( — 3, @)7

The Zeroes of a Trigonometric Function

25. Find all the zeroes of f(x) = 2cos(2(x — §)) + 1, then list those that belong to [0, 27].
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Trigonometric Angles (Radians)
26.

a) Convert 135° and 300° to radians, in exact form.
b) Convert %T rad to degrees.

c) A rotating sprinkler is set to sweep an angle of 5% rad and throws water 12 m. Find the exact
length of the arc traced by the outer edge of the spray and the exact area watered, then give each
to the nearest hundredth.

Trigonometric Functions

27. In a research greenhouse, the air temperature ¢ hours after midnight is modelled by
T(t) =35sin(FHE-8)) +21, 0<t<24

where T is in degrees Celsius.
a) What is the period of the model, and what does it mean here?

b) What is the warmest temperature reached, and at what time of day?

c) Compute 7'(2) and interpret the value.
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Trigonometry and Metric Relations

28. This topic supplies several distinct tools. For each situation below, name the one tool you would
reach for first and give a one-sentence reason. Choose from: the law of sines, the law of cosines, the unit
circle, an inverse trigonometric function (arcsin, arccos, arctan), a sinusoidal model a sin(b(x — h)) + k.

a) In a triangle you know two sides and the angle between them, and you want the third side.
b) In a triangle you know two angles and the side opposite one of them, and you want another side.
¢) You need the exact value of cos %”, with no calculator.

d) The height of water in a lock rises and falls, repeating every 9 minutes.

e) You know the two legs of a right triangle and want its acute angles.

Want the harder problems and the worked solutions?

The Challenge Problems set and the Answer Keys for Trigonometry and Metric Relations — with the
reasoning written out in full — are available at tutorinmontreal.ca.
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