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Name: Date:

Concepts

e Parametric Surfaces o Flux Integrals of Vector Fields
o Surface Area (theory) o Stokes’ Theorem

o Surface Integrals of Scalar Functions (theory) e The Divergence Theorem

Parametric Surfaces

1. A surface S is given by
(u,v) = (3cosu, v, 3sinu), 0<u<2m, 0<wv<A4
a) Eliminate the parameters to find a Cartesian equation satisfied by every point of S, and name the

surface, including its axis and where it begins and ends.

™

b) Describe the grid curve obtained by holding u = 7 fixed, and the grid curve obtained by holding
v =1 fixed.
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2. Find an equation of the tangent plane to the parametric surface
Flu,v) = (wv, u+v?, u* —v)

at the point where u =1 and v = 2.

Surface Area

3. Find the area of the part of the paraboloid z = 1 (z® + y?) that lies inside the cylinder 2% + y® = 3.
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Surface Integrals of Scalar Functions

4. A thin metal panel has the shape of the part of the plane 2z + 2y 4+ z = 6 that lies in the first octant
(x >0,y >0, z>0), with lengths in metres. Its density at the point (z,v, 2) is o(z,y, z) = z kg/m?.

Find the mass of the panel, / / odS.
S

Flux Integrals of Vector Fields

5. Let S be the part of the paraboloid z = 4 — 22 — 3 that lies on or above the zy-plane, oriented
upward. Evaluate the flux // F-dS of F"(a:, y,z) = (x, y, z) across S.
S
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6. Let S be the cylinder 22 +72? = 4, 0 < z < 3 (the curved wall only, no top or bottom), oriented with
the normal pointing away from the z-axis.
a) For the parametrization (6, z) = (2cos 0, 2sin 6, z), compute 7y X 7, and decide whether it agrees
with the required orientation.

b) Evaluate the flux of ﬁ(m,y, z) = (zz, yz, xy) across S.

Stokes’ Theorem

7. Let C be the curve in which the plane = + y + z = 5 meets the cylinder 2 + y? = 9, traversed
counterclockwise when viewed from above, and let F(z,y,z) = (2, 2%, y). Use Stokes’ theorem to

evaluate ]{ F . dr.
C
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8. Let S be the part of the paraboloid z = 9 — 22 — y? that lies on or above the plane z = 5, oriented
upward, and let F(z,y,z) = (—yz, 2z, 2yz). Use Stokes’ theorem to evaluate // (V x F)-dS as a
S

line integral. State the boundary curve and its direction.

The Divergence Theorem

9. Let Fbethebox 0 <2 <2 0<y<1,0<2z<3, let S be its surface oriented outward, and let

—

F(z,y,2) = (22, zy, 32).
a) Evaluate / / F.dS using the divergence theorem.
S

b) Verify your answer by computing the flux through each of the six faces.

tutorinmontreal.ca 5 Practice Worksheet



University Calculus IT1 Surface Integrals and Integral Theorems

10. Let E be the solid cylinder 22 +¢y? < 1, 0 < z < 2, and let S be its complete surface (wall, top
and bottom) oriented outward. Evaluate the outward flux across S of

—

F(z,y,z) = (acy2 +cosz, x’y+ e, 22 —i—xy) .
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Synthesis — drawing on several topics in this unit

11. Let E be the solid bounded below by the paraboloid z = 2% 4+ y? and above by the plane z = 4.
Its boundary consists of the flat top S1 (the disk 22 4+ y? < 4 in the plane z = 4) and the curved bowl
Sy (the part of z = 2% + y? with z < 4), both oriented outward from E. Let F(x,y,z) = (z, y, 22).
a) State the direction (upward or downward) of the outward normal on S; and on Sz, and compute
the flux of I’ across each piece.

b) Evaluate / / V-FdV in cylindrical coordinates and confirm that the divergence theorem holds.
E

Want the harder problems and the worked solutions?

The Challenge Problems set and the Answer Keys for Surface Integrals and Integral Theorems — with
the reasoning written out in full — are available at tutorinmontreal.ca.
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