University Linear Algebra Span and Linear Independence

UNIVERSITY LINEAR ALGEBRA - PRACTICE WORKSHEET - TUTORINMONTREAL.CA
Span and Linear Independence

Name: Date:

Concepts

e The Span of a Set of Vectors e Linear Independence of Polynomials, Matrices and
Functions

e Testing Membership in a Span )
e Dependence Relations and Redundant

e Linear Independence in n-Space Vectors (theory)

The Span of a Set of Vectors
1. In R* let W = span{#y, @}, where 7 = (1,0,2,—1) and 7 = (0,1, —1,3).

a) Find a system of two linear equations in x1, z2, 3, x4 whose solution set is exactly W.

b) Use your equations to decide which of (3,—1,7,—6) and (1,1,1,1) lies in W.
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2. In P, the space of polynomials of degree at most 2 with real coefficients, let W = span{1+=z, z+z?}.
a) Show that every p € W satisfies p(—1) = 0.

b) Show conversely that every p € P, with p(—1) = 0 lies in W, by writing such a p explicitly as a
linear combination of 1 + = and x + 2.

c) Conclude that W = {p € P» | p(—1) = 0}, and give one polynomial of P, that is not in W.

Testing Membership in a Span
3. In R* let iy = (1,-1,0,2), @iz = (0,1,2,—1) and i3 = (2,0,3,1).
a) Decide whether b= (4,-3,1,6) lies in span{uy, Ws, us}. If it does, give the weights.

b) Decide whether €; = (1,0,0,0) lies in the same span.
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4. In P, the space of polynomials of degree at most 3, let p; = 1423, po = z—2? and p3 = 1+x+22+25.
a) Show that r = 3 + z + 322 + 323 is a linear combination of py, p2, p3, and give the weights.

b) Show that ¢ = 2 + x + 322 + 523 is not.

Linear Independence in n-Space

5. Decide whether each set in R* is linearly independent. For a dependent set, give an explicit depen-
dence relation.

a) {(1,2,-1,0), (0,1,3,1), (1,4,5,2)}
b) {(1,1,0,2), (0,1,1,1), (2,0,-1,3), (1,0,1,0)}
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6. Decide, without row reducing anything, whether each set is linearly independent, and give the reason
in one sentence.
a) {(17 07 27 1)7 (0’ 37 17 _1)7 (2’ 27 07 5)’ (1’ ]" ]" ]')7 (47 07 _3’ 2)} in R4
b) {(3,1,0,-2,5), (0,0,0,0,0), (1,4,—1,0,2)} in R?
c) {(2,-4,6,0,8), (—3,6,-9,0,—12)} in R®
d) {(1,0,0,0,5), (0,0,3,0,0)} in R

Linear Independence of Polynomials, Matrices and Functions

7. Decide whether each set is linearly independent. For a dependent set, give an explicit dependence
relation.
a) In P; (polynomials of degree at most 3): {1 +x + 22, x + 2% + 23, 1 — 23},

Lokl

01
31

b) In Msyxo (real 2 x 2 matrices): { [(1) _21] ,
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8. Here functions R — R are vectors, and a set {f1,..., fr} is linearly dependent when there are real
numbers ¢y, . .., ¢k, not all zero, with ¢; fi(z) + - - + cp fr(x) = 0 for every real x.

a) Show that {sin(z + %), sinz, cosz} is linearly dependent by giving an explicit relation. You may
use sin(A + B) = sin A cos B + cos Asin B.

b) Show that {1, x, e®} is linearly independent, by evaluating a vanishing linear combination at
r=0,z=1and x = 2.

Dependence Relations and Redundant Vectors
9. In R?* consider the list
01 =(1,2,0,1), v =(2,4,0,2), v3=(0,1,1,—-1), v,=(1,3,1,0), u5=(0,0,1,1).

a) Find every vector in the list that is a linear combination of the vectors before it, and write each
such combination explicitly.

b) Name three vectors of the list whose span is span{vi,...,7s}, and say why nothing is lost.
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Synthesis — drawing on several topics in this unit
10. In Ms«o, the space of real 2 x 2 matrices, let

L0 0 1 1 -1
Al = [1 1‘| ’ A2 = [1 0] ) A3 = |f) 1 ] y W = Span{Al,AQ,A:g}.

a) Show that {A;, As, A} is linearly dependent, and give a dependence relation.

b) ShowthatW—{[z Z] ’d—a, c—a—i—b}.

c) Decide whether B = [ﬁ ;

] and Iy lie in W; for any that does, write it as a combination of A;

and As.

Want the harder problems and the worked solutions?

The Challenge Problems set and the Answer Keys for Span and Linear Independence — with the
reasoning written out in full — are available at tutorinmontreal.ca.
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